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ABSTRACT

This investigation studies a two-dimensional model of a layered
medium subjected to the frictional excitation of a high-speed asperity
traversing over the surface of the medium. The general analytical
solutions of the mechanical stress state, the temperature field and the
thermal stress state are obtained and expressed in the Fourier
transform expressions. Numerical solutions are carried out for cases
of uniform and parabolic pressure distributions. The resulting stress
state yields the conditions for the asperity to initiate cracks in the
layered medium, This paper studies, further, the thickness effect of
the surface layer, the effect of relative stiffness of the surface
layer and the substrate, and the effect of an insulating layer versus a

conductive layer.
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CHAPTER I

INTRODUCTION

1.1 Purpose of the Investigation
This investigation addresses the general behavior of a failure
mechanism that is caused by a high speed asperity traversing over a
layered surface as shown in Figure 1, The resulting cracks on the
surface lead eventually to total failure of the devices. Such a
phenomenon of failure has been observed in many a pair of mating
surfaces rubbing against each other such as brakes, marine seals, and
the like. |
The nominal design pressure between such devices is based upon
the total mating surface. However, at the operating speed, the actual
% contact area can be smaller by a factor of the order of 10-3, or
j even 10~4, Such reduced contact area could be the result of an
asperity or the cause thereof. As a result, a low design pressure may
| result in a very high interfacial pressure. This causes a large fric-
tional force in the contact area. The high friction would cause
locally an extremely high temperature, leading to cracking of the |
surface. In view of the frequency of such phenomenon, many attempts
of surface modification have been under investigation. Such current
significant development underlies the importance of the present inves-
tigation in the thermo-mechanical behavior of layered surface under

the frictional excitation of a high speed traversing asperity.




rigure 1. Two-dimensional Asperity. ﬁ




1.2 General Background and Related Investigation in Progress

Two bodies in sliding contact under heavy loads will experience
high local temperatures near the contacting surfaces because of exces-
sive frictional heating. Cracking may then occur in the neighborhood
of the contact zone due to the combination of thermal heating and
mechanical load. This phenomenon is known as heat checking [1].

One of the models of failure is due to high pressure, and dry
friction exists as a result of asperities which are developed on the
mating surfaces, The asperity may be either an external or internal
material inclusion or some thermomechanical deformation of the mating
surfaces. The asperity represents a moving concentration of pressure
and excess Coulomb friction on the mating surfaces. Friction influ-
ences both the mechanical stress state and the thermal stress state
because frictional heating produces a severe thermal stress state.
These high stresses can then initiate a fracture of the material.

A general survey of the problem of cracking through the develop-
ment of a frictional hot spot was discussed by Burton [2]. The exis-
tence of high hot spots was demonstrated experimentally by Sibley and
Allen [3], who showed systematically moving hot patches in the contact
zone. Two and three-dimensional models of heat checking in the s
contact zone of a bearing seal were presented by Ju, et al. [4].

In both the two-dimensional and three-dimensional models of a
single moving asperity, the high temperature field is concentrated in
a thin layer in the neighborhood of the surface. The depth of such a

surface layer is of the order of twenty percent of the asperity size.

For a material such as stellite III, the high temperature field will ;




not alter significantly the important mechanial properties. Such may

not be the case for other materials. When property changes occur, we
will have a problem of friction cracking involving a solid with a
surface layer of different material properties. Problems of such
phenomena and those of coated surfaces belong to the general class of
thermocmechanical cracking of layered media. The present investiga-
tion deals then with the problem of heat checking in media with a hard
surface layer. The surface layer may be softer or harder than the
substrate., Their thermal properties may be different. These factors
and the thickness of the surface layer constitute the parameters of
analysis in the investigation.

The analytical model in the investigation is based on the genei
theory of a continuum. From observation of failed specimens near the
surface, it is reasonable to postulate that for hard surfaces the
plastic deformation and rupture at the surface are at the granular or
even the subgranular level. The base solid material subjected to the
asperity friction is essentially elastic. The irrecoverable work in
the surface deformation manifests as heat input.

The surface layer, be it thermally induced or coated, is assumed
to be of uniform thickness. The depth of the substrate is infinite in
comparison to the asperity size.

1.3 General Theory
1.3.1 The uncoupled theory of thermoelasticity [5]
The basic mathematical formulation of thermoelasticity describing

the behavior of continuous media are the following equations: ﬁ




kT,i‘i = pCvT + (32 + 2y) aTO €1k (1)
% 4,3 = *U (2)
ce. = i(u, , *+u, L) (3)
ij 2V, J,i

o5 = Gi‘)')‘ekk + Z“Eij - Gij (3x + 2p)alT - To) (4)

The coupled dynamic formulation can be simplified for cases without

thermal or mechanical shocks to the uncoupled quasi-static

formulation,

When an external mechanical agency produces variations of strain
within a body, the time rate of strain variations cause a change in
the temperature as indicated by the heat conduction equation. Conse-
quently, by a flow of heat, the whole process increases entropy and
therefore increases the energy stored in a mechanically irrecoverable
manner. This phenomenon, known as thermoelastic dissipation, is
accounted for by the mechanical term; therefore omitting it may yield
erroneous results. However, the dilatation rate in equation (1) is by
order of magnitude small for most of the thermoelastic problems, The

coupled heat equation, [equation (1)] may be rewritten as

- : x + 2u [ Skk
kT"ii = pCvT[l + 6(-33—_,_—‘21—”)(“—%')] (5)

where the nondimensional parameter § is defined by

(31 + 2w2a?T,
s = 5 > (6)
p

cv Ve

and Ve is the dilatational wave speed,




The coupling term is negligible compared to unity if

€Kk A+ 2u/3\ 1
e (50 3 g

For illustration, values of the parameter § will be computed for

purposes of numerical comparisons., For aluminum, with

4.13 x 1019 pa, 4 = 2.76 x 1010 pa,

>
i

3 kgs/m3

@ =2.3x1072/°C, p= 2.7 x 10
835 N-m/(kg °C),

O
n

and, taking as an example Ty = 90°C, we obtain § = 0.029.
For steel, with

10 10

12,4 x 10°" pa, u = 8.3 x 107 pa, a = 1.2 x 10-5/°C,

>
[}

3

7.8 x 10° kgs/m>, Cy = 459 N-m/(kg °C), and again with

p

To = 90°C, the corresponding value is § = 0.014,

Thus for both cases the coupling will be small [from equation (7)]
if approximately,

€
Kk <« 20.

3aT

For temperature distributions with no sharp.variations or discon-
tinuities in their time histories, the time rate change of the dilata-

tion is of the same order of magnitude as that of the temperature;




thus disregarding the coupling term as described previously is
reasonable,

The preceding discussion makes it clear that the possibility of
omitting the coupling terms depends not only on the fact that the
inequality & << 1 must hold (as it does for most metals), but also on
the fact that strain rates must be at most of the same order of
magnitude as temperature rates. The latter condition implies that the
time history of the displacements closely follows that of the
temperature; in other words no pronounced lag or vibrations in the
motion of the body must arise.

1.3.2 Brittle Fracture [6]

When a solid is subjected to increasing loads, the resulting
stresses will, at a certain stage, become high enough to cause the
solid to break apart. If such breakage comes about before the piece
has thinned down to zero thickness, it is called fracture, and if the
amount of permanent deformation preceding fracture is negligible, it
is called brittle fracture. In this investigation, both the surface
layer and the substrate materials are brittle so that when the stress
reaches the ultimate stress, brittle fracture will occur. Also, if
the shear stress reaches the maximum shear stress at the interface,

shear delamination will happen.
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CHAPTER II
MATHEMATICAL MODEL

The problem under consideration is one of thermomechanical crack-
ing in a layered medium by a fast moving asperity, as shown in Figure
1. Because the actual contact area of the moving asperity is much
smaller than the layered medium, the mathematical model is represented
by a half-space subjected to a fast moving asperity whose effect is
delineated into a moving heat source and a moving mechanical load of
combined pressure and tangential friction. Two sets of coordinates
are employed: x; - x; are fixed to the medium, x, ~ x, are fixed to
the moving load. The relative speed of the contact surface is assumed
to be large enough to result in a high Peclet number (vg/«) but
smaller than the Rayleigh wave speed. The quasi-static theory thus
holds. The general solutions for the mechanical stress state, the
temperature field and the thermal stress state are approached by the
use of the Fourier transform method. Because of their complexity, the
general solutions are left in the transformed space. Solutions by
numerical integrations of the inverse transforms are carried cut for

special problems.

2.1 Basic equations

The governing equations come from Cauchy's law and the uncoupled
theory of thermoelasticity, in terms of the moving convective
coordinates {xj}. The acceleration in Cauchy's law will have only

the convective terms. Hence, Navier's equation is expressed as




2 32u.
Ve —

(x + u) Uit Rk T (A +2u aTyy =p
axl

where summation convention is used for repeated indices of roman

minuscules.
For i =1
(x + 2u = pv°) 2+(X+u)axax+u T‘(3k+2u)c-57-=0.
IxX 1972 ax 1
1 2
For i = 2
( 2) oty (A + w) o'y ( )azuz ( ) a2
n - pv + A+ ) ——+(2+2y) ——-(1+2u) as=—=0
ax] 3X1 X, a5 3x,
The Hooke's Taw equations are
3u1 302
011 = (x» + 2u) 3;; + 2 3;; = (3x *+ 2y) afT - To) »
o = .ai'l-.ai
12 ax2 ax1
auy au,

The above equations apply to both the surface layer and the substrate.

The surface boundary is traction prescribed so that

oy = ue o) (x| 2as =00,

B




(1) _ 0 (lel > 8, Xy = 0)

a .
22 =9. )
plx) (lxll L2, %=0)
Regularity conditions hold at infinity.
0110912092041 U2 * 0 (0 <X < H, lel * =l
2, .2
0113012200015l * 0 (X] + X5 > )

Continuity conditions apply at the surface layer/substrate interface

u

(1), 42 D @) )

. (2) (1) _ (2)
O12 912 » 922 T 9y s U 1 = Uy

» Uy (x2 = H)

where the superscript (1) designates the surface layer, (2) the
substrate,

The heat conduction equations are

) g2 ()

2 2 Ky, X :
axl axz 1 1
327(2) . aZT(Z) v aT(Z)

2 2 Ky axl ¢

The boundary conditions, the continuity conditions, and the regularity

conditions for the heat equations are

o7 i a(x,) (lel L2, %y =0)

K, ————

1 ax, 0 (lel > L, Xy = 0)
kg Q%;I) =k, Q{éil (xy = H)
2 2
10




1) - 7(2) (x, = H)
ITENNC NS S S

The following dimensionless quantities will be used for general

computation,

£=x1/2.ﬂ=x2/2,D=H/2,0 =011/P°’Onn=022/Pop

Eg

%%n = °12/Po , U = ullz , V = u2/z , M= v/c2 , N = c1/c2 ,

A, + 2 1/2 1/2 A, + 2u\1/2 1/2
[od = -2—_2 s c = (2) s C* = _1_.__..‘:]_' N C* = (.‘:}.) .
1 92 2 02 1 01 2 01

. 3x2 + 2“2 1/2 . e 3x1 + 2“1 i/2 . - 0,20

* *
Qytay < ) 1 P
Yy = K. == ,J=—=,8=—=,P = ’
2 1 ) ) 02 ?,

¢('” = (T(i) - To) kl/qo" , Q = 4. . Rl = vg/gl , and RZ = vi/x, .

The linear theory of elasticity allows the equation to be delineated
into the mechanical and the thermal parts. They are thus grouped into
(1) equations for the mechanical stress field, (2) equations for the

temperature field, and (3) equations for the thermal stress field.

" |




2.1.1 Mechanical stress field

In the surface layer

(12 - u) —3-2—‘1;1-1 + (12 - %) iz—‘é;—i)- G 32“;1) =0, (8)
14 In
(32 - ) 3:2;“ + (12 - %) ii%;l‘—) + 12 -3-3;)- =0, (9)
oéé’ = s:—i [IZ 3—2-:;1—) + (12 - 209 %i—ll] . (10)
oé}‘) = 502 -:%[3:7(]1) + 3‘;?) ] , (11)
af‘f" - s::—i [(12 - 2%) 3:;1) + 12 3‘;:”] . (12)
In the substrate region
(N - M) 32—::-?- + (N - 1) 3?‘:;::‘) 32::2) =0, (13)
(1 - M) %‘;—;2—) + (N - 1) ai:;i) + N 32‘;;) =0, (14)
ag) - % [Nz 3‘3‘;—2) + (N - 2) %(;2—)-] : (15)
og)=-:-2; {3::2) + 3:!;2) ] (16)
12




nn 3g an

(2) (2)
o2 = ;g. LNz Sy a2 Y } . (17)

0

The boundary conditions, the regularity conditions, and the continuity

conditions are correspondingly

(1) _ ) -
0 (le|>1, n=0)
o1 | , (19)
nn '
Uagaasn’ann:u9v +0 (0 i_n i.D ’ lE l* ’) ’ (20)
ausv + 0 (52 + n2 +> “) ) (21)

%eg’%n’Im

(1) _ (2) (). (2 (1) _ (2) (1) _ (2 .
Uan = En ’ nm m s U u ’ v v (n D) . (22)

2.1.2 Temperature field

2 (1 2 (1 1
a@;)+3_@(2)=R1A_3(), (23)
3 an €
22,2 , 24(2) i NE 28
352 anZ’ 2 23

13




The boundary conditions, the continuity conditions, and the regularity

conditions are

(1, wg)  (lef<1,n=0

-R_ g - N : (25)
n 0 (Je|>1,n=0
(1) (2)
¢ _ .3 .

— = - (n=0), (26)
o) = 42 (n=0), (27)
o 1,603 50 (€2 +n2aw) . (28)

2.1.3. Thermal stress field
In the surface layer
Ly 2 e e AW azv(l) 2 2V 0% )
+ + =0 »
2 200, 20, 21 b 2y, 2ol1)
)—3?2—-'*(1 'J)W I 8n2 - cg o -0(-
30)
*2
(1) (1) b %y
S L s F‘ 2 a: o (12 - 202) a: _ 21 eI
EE 0 £ n cz (31)

(1) (1)
O YRy "z {3u + Y ] , (32)

an E14




*2
1) (1) by
W _ 2,2 2 2 vt Dy (g
o = 8| (17 - %) v 1f B 5= ¢ . (33)
0 <,
In the substrate region
2
2 (2) 2,(2) 2 (2) b%y (2)
2 _ g2y 3u 2 _ "V 3"y - 2 3¢ -
13 an <y
2
2,(2) 2 (2) 2,(2) by (2)
(L-mh) 2Ly - B B2 23 g, (35)
3E £3n an ¢ n
@ Y2l w?® w@ by ()
Opg =P—N—3_£—+(N_2)—8n-—-—?_¢ s (36)
0 L c5
S k2 aul?) . av{2) (37)
En Po] o 3E ’
(2) _ ¥2 | .2 w2 @ b ()
o F; (N® = 2) 3% + N o égf ® . (38)

The boundary conditions, the continuity conditions, and the regularity

conditions are

(1) _ ]

aEﬂ =0 (n=20), (39)

dMao (=0, (40)

nn

UEE’UEnann,u»v +0 (0 f_ n i D s E =+ "’) * (41)
15




2

»U,v + 0 (52 +n° s w, (42)

% %n*%nn

B L I

(43)

2.2 General solution

The Fourier transform [7]

Fl}= o2 f el g

is used, denoting the transformed quantities by a superposed tilda - ,

then letting u = iU, V=1V, £ = sn, o,, = 0../S, 0. = ig, /S, 6 =
en le g u, Vo 2 = Sn, oy GEE/ %n OEW/S %

o /s, P="Fls, 8=20ls, G* = G*/s, and ' =L =19 e can obtain
nn s ’ ’ a'c’ s dﬂ

the analytical solutions in the transformed space,

2.2.1 The analytical solutions of mechanical stress field

Equations (8) through (17) become

32 51" L2 2wy g 4 (124 53§ L g (44)

e R & B A S R S I (45)

-(1) L2 =(1) L 42 .2y 3(1)

Or 5-P—°-[Iu + (I 20°) v+*'1, (46)

al)a g2 2 @) (47) '

0

16




=(1) _ M2 .2 =(1)' _ 2,2y =(1)
o “"To[l v (1 - 20%) v'™'1, (48)

LGN TN ¢ T RS PR 1 €O R (49)
At R S 18 T TR A (50)
=(2)_ Y2 _ 2 =(2) 2 _ ., wl2)

ogg-p:[Nu + (N 2) v ], (51)
-(2) _ Y2 -(2)' _ =(2)

- M =(2)" -

=(2) P-z o 72" 22 - 32y . (53)
nn 0

The boundary conditions, the regularity conditions and the continu-

ity conditions are also in transformed expressions

_ - iu .

IS P e / P*(g) e'E dz at ¢ = 0 (54)
&n Zns J

-(1) _ _ 5 _ 1 /‘ * isg _ (55)
o ==-p == P (E) e dge at g = 0

m V27 s

where P*(¢) ‘P'(E) (|5|i1)

| o (|;|31)




'|||||ll-l-llllll-l-l-----------"-"'-!-'-'-'-"-"""""""f-

|

9egr gn? Tnne u, Vv + 0 (g + o) (56)

= (1) = (20 = (1) _= (2) =(1) _ =(2) (1) _ g(2)

%n % * %m %m VY 4 » ¥ V' s7)
(z = SD)

From equations (49) and (50) we can get

(4) NP -
72 - (2 + gz) ), f?‘g2 762 2o (59)
where

1/2

f=(1-MWN)  , g=(1-M)12

For the subsonic case

2 -
v/icc <1, N= cl/c2 > 1

[

M

1/2 1/2
= (1 - M2/N2) 2)

-
]

= (1 - vz/c1 >0

1/2
= w-m2a -y 5o

[T=]
1}

and Cy > ¢y s0 that f > g.

Equations (44) and (45) yield

‘1 ‘l 10
a2y 2- 2 2l
2 .
£ 012 - 08" - 9302 - w3y 7Y (60)
and
(1)) 2,2 2,2, 12(1)""
] - (1 - M5/3%) + (1 - M5/IT) DV

+ (1 - M8 - w8t 2 g (61)
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Equation (61) has a characteristic equation f

We L - M%) + (1 - 1812 w1 - W18 - M2a?) = 0

(62)
in which A is the characteristic value of V'l = e)t, |
For the subsonic case J
M0 <1, M/12 < 1, and I > J.
with j = (1 - M2/I2 1/2, k=(1- MZ/JZ)I<2 then applying the boundary

conditions, we can obtain the solutions for s > 0.

.v-(l) - * * * *

a, cosh jns + b1 sinh jns + ¢ cosh kns + d1 sinh kns , (63)

-(1) ~1 * . * . * *
u = j (al sinh jns + b1 cosh jns) + k(c1 sinh kns + d1 cosh kns),
(64)
-(1) _ Y2 2.- 2.0 % L * .
°§g) = 3; [-6(M%] 1, 23%35) (a1 sinh jns + b1 cosh jns)
2., *x * )
- 28J k(c1 sinh kns + d; cosh kns)] , (65) ;
- u *
o1 o 2 1250%(a” cosh jns + b sinh jns) + 832(1 + k2)
En PQ 1 1
* *
(c1 cosh kns + d; sinh kns)1 , (66)
-(1) _ Y2 2.1 2y L * * A
% Po [0 “(1 + k%) (a1 sinh jns + b1 cosh jns)

*

1 cosh kns)] , (67)

2.0.% .
+ 28d k(c1 sinh kns + d




5(2) = g Lg% s _ gB* e~Ins
1 1

-(2) _ "2 -1,.2 2, * -fn

055 =7 [f “(M® + 2f%) Ale

0

-(2)_ %2 *  of

2)

=(
g
nn

* * * *
For s < 0 we can get a similar set of solutions. Where a,, by, ¢, d)

* *
A;, and B, are functions of s and depend on the pressure distribution

profile P, that

for, uniform pressure and

g 1 (Sig 2 - cos s)
/2% s

for parabolic pressure.

20

S 4 ZgB: e I,
(14 g%) 8 eI,

u - - -
= 2 -Fh + ?) Ay e < 2ge] €TI0
0o

(69)

(70)

(71)

(72)

Sl




r'"_——————'———"——"i

Now enforcing the boundary conditions (54), (55), and (57), the

. * * * * * * . .
six constants Ay, B,, a;, b;, ¢;, and d; are interrelated by six

algebraic equations

* 2 * iuf -
2a, + (1 + k") ¢, = —= P (73)
1 1 2
5J
-1 2 * *_ P
J Tl + k%) b, + 2kd1 — (74)
8J
=1 * .-l * * * -1 -fsD ,* ~gsD,*_
A sj a, + 3 cj b1 + kskc1 + kckd1 + f e A1 + ge Bl- 0 (75)
* * * * _ -fsD o _ -gsD ¥ _
€52 + sjb1 *Ccy skd1 e A1 e Bl 0 (76)

~-fsD
* * 2y X 2y o 2e *
2cJ.a1 + Zsjb1 + (1 +k )ckc1 + (1 +k )skd1 —;?_- A

_(1+ gz)e-gSD *

B, =0 (77)
GJZ 1
~1 2y, %, -1 2y,  * * *
Jo(l+k )sja1 + 3§ (1 +k )cjb1 + 2kskc1 + 2kck d1
2, ~fsD -gsD
(1+g%) e * _ 2ge *
+ 7 AL+ J-G?— By = 0 (78)

In the above

s; = sinh (jsD)
¢y = cosh (jsD)
S = sinh (ksD)
¢, = cosh (ksD)

represent the six algebraic equations in matrix form, then solve it by

Cramer's rule.

21




-fsD 2,.~gsD
2c, 2s. (1-0-|(2)(;k (1+k2)sk-2e — - (1+g )429 A*I'
’ ’ 8d 8J
- - 2, ~fsD -gsD
itasds, awde, 2ks,  2kc, (1+g )ez 2ge . B"l'
- ! J f&d 8J dL 4
-—.quﬁ—\
§d°
_ P
§3°
= 0
0
0
0
- -
a*=1 *=._2. =_3 *=_4 *=_5 =_6_
I h o a0 4 AT bty

The expressions of A, A, 4z, 83, Ay As, and ag are given in

Appendix 1.
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2.2.2 The analytical solutions of temperature field

T A N TS

Equations (23) and in the transformed space became

- (1 - iR,/s) ¢

- (1 - iRy/s)
Applying boundary conditions we can get the solutions for s > Q.

/T - i§17s ns « /T - 1§17s ns

(79)

(80)

(81)

(82)

where A,, B;, and A, are functions of s and depend on the heat input

profile J*, that

for the uniform pressure and

for parabolic pressure.

For s < 0, Equations (81) and (82) may be used, provided s is

replaced by n = -s and a negative sign is added to

Apply the boundary conditions and the continuity condition at the

surface layer/substrate interface, A;, B,, and A, can be readily




—

* A = O F + 86
1 s E?il _ e-Z?SD) + gFG(1 + e-ZFsD)
-t -
1s g1 - 72FsD) 4 grg(y + e72FSD)y
2 S

F(1 - e 2SOy 4 gG(1 + o 2FsD)

where F = (1 - iRl/s)l/2 , G=(1 - 1'R2/s)1/2

2.2.3 The analytical solutions of thermal stress field

Equations (29) through (38) become

2
- " - - ' b* -
(e SRR S A (3 SIRe e N 16 SNl W (¢

2 ’ (83)
2
- " - - [ b* Y1 o '
20" 12 22y ¥ 12 - g2y gt 1 ¢(1) . (sa)
€2
2
- (1) by .
{0 S Y2 1.2 50, (12 - 203§ 1 ¢(1) , (85)
113 P 2
[¢] Cc
2
-(1) 2 Y2 =(1)' _ (1
cén = & 5. @ s gy (86)
2
SV 2SO LR B N TS Ol {6
%nn L% v —z ¢ ’ (87)

(o} C2
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2
n - § b -
)
} )
2 =(2)" 2, =(2) 2 -(2)" b2"2 -(2)"
! NE ¥ - (1 -M9YV - (N°=-1)u =— 4 . (89)
¢
-(2) M2 .2 -(2) 2 =(2)" sza -(2)
OEE = T =N~ u + (N =-2)V -7 ¢ » (90)
Q C2
-(2)_ Y2 -(2)' =(2)
o cl= (u + 7'¢ly (91)
En 5;
s 22 2 -(2) . .2 =(2)" by, -(2) (92)
onn PO - (N® - 2) u + N°V - ——2— ¢ ’
2 i

The boundary conditions, the regularity conditions and the
continuity conditions are

e e e e

%n 0 at =0 (93)

(1), -

S 0 atz =10 (94)

aEE, dEn’ Onn’ u, v+0 when g+ (95)

;(l) - ;(2)’ ;(l) - ;(2)’ 204 5f2) , and @, £ = sD

En En nn nn (96)
where 310, 3117 3(2) ang ;(2) come from temperature field,

rALDR F(-A, eFo 4 B, eft )




-(2)"' _ _ ' =Gg

] ]
Al, Bl’ and Aé are the same as in the temperature field. Equations

(88) and (89) yield

RPCIPNE
(4) [} 4 [ ]
=(2) - (2 2, =(2) 2 =(2) _ - =(2)' _ -(2)
V (£ + g°) ¥ + 2718 - g £y 32 (gq)
2 2
where E) = —5 . 2 ; ;g £y = ———— i Yg
(N® = M%) <, (N® = MT)(N® - 1) <,
-gz b2Y2 1 szz
I 2 S Sl ey
c2 N c2
;(2)' _ GZAZ =62
and $(2)"' = -g3a, B¢

Equation (98) is a fourth order nonhomogeneous ordinary differential
equation, where the nonhomogeneous part comes from temperature field.
The complementary solution of equation (98) is
1E R L I I T k.
v = Ae +Be>+c, e + D,e (99)

Assume the particular solution of equation (98) is

(P -
7l2) . A;e Gg (100)
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Substituting (100) into (98), we can obtain A% .

3
- (-£46 + £,6%) pe(-F+6)5D
Ay %

(6% - (72 + g2)6% + £%°1 [F(1 - e 2T%D) 4 ga(1 + e 2 °0)]

The solution of equation (98) is the combination of the complementary

solution and the particular solution

- - - * -
T2 = a%e™ 4 e 9% 4 cJe e 4 0398 4 ape ™0 (101)

.

Equation (101) together with the regularity condition (95) yields a

solution for s > 0,

(2) _ * -fr o * -9z , ,* -Gg
v = Aye + Bye + Age (102)

Substituting (102) into (97) 3¢2) can be obtained.

2(2) g7l pxo-f

;e- ¢ - gB;e-gc + EseOGC (103)
where Eg = - {f‘z(f2 - @)l - 283 v (et - gZ)G]A3* {
+ (E, + E GZ)A !
1 ¥ ESTA,

Equations (102) and (103) together with (90), (91) and (92) yield

—(2) _ Y2 1,2 2,,* -f¢ * -g¢ ~Gg
o p; [f *(M° + 2f JALe + 298, + Ege ] (104)
—(2) _ Y2 ,,* -f¢ 2, o * -9 ~Gg
%n F; [2A2e + (1 +g%) B, e +E e ] (105)
—(2) Y2 . _c-1 2\,* =fz _ , o* -g¢ -Gz
%n p; [-f “(1+g )Aze 298 e + Ege ] (106)
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b
Y S * P Y o
where EG N E5 (N 2) GA3 —-C—Z- AZ
2
E, = =~ E.G + A
7% " EG A
2
2 2.,* _ DYy
Es“(N Z)ES-NGA:;-?AZ
2
Equations (83) and (84) give .
E
111 ] *2 ‘
T _ -1 7 -2 -1, TTIT 1 Y T
u = T v + (J +P YV + _fT -7 ¢
J°P I"J°p ¢, J
b*z
Y1 Ty
- 717__2_1 b (107)
It c2
(4) " 1 ' |
VI L2 VT g2 T Eg o0 4 E1g s < g l
where P = 1 - 12/.12 (108)

bt P




The complementary solution of equation (108) is

T('ﬂ'c * * * *

= azcoshjc + bzsinhj; + czcoshk; + d2 sinhkg (109)

Assume the particular solution of equation (108) is

MevMd = a¥aFc , (¥ F2
v Aye + Age

(110)
Substituting (110) into (108) we can obtain A, and Ag.
- g3 '
. (= FEg + EjF) A
S R R R ¥
3 - 1
- (FPEg ~ F £,0)8,
5T (2 + L + 722
The solution of equation (108) is
th) = a;coshj; + b;sinhjg + c;coshkn + d;sinhkc
* -Fc * Fc
+ Age + Age (111)
Substituting Vllj into (107) gives
eV (a,sinhjz + bycoshjz) + k(c,sinhkg + d, coshkg)
-F¢ Fe
+ E11 e + E12 e (112)
3 ot
I ALY SECS B 1 1 .2,"
where E11 = == A4 (j =+ P )FA4 Y — F A
J°p Ij°p <,
29
et A -~ "




3
%

b v
1 L
IZ 2 2 1
J <,

Equations (111) and (112) together with (85), (86), and (87) yield

EEE(I) =§ ;% [- (M2 -1y 2J J)(a s1th; +b cosha;)

- 20%(c,sinhkg + dycoshke) + £ o+ Epge’ o] (113)
3;;‘1) = 502 ;% [2(aycoshiz + bysinhjz) + (1 + k%) (ccoshke

+ dysinhkg) + Ec e %+ Ep ef?] (114)

s . u2 ‘[JZJ L+k )](a sinhjz + b

- l 2cosh,]z;)
2., % . * -Fg Fc )
+ 2J k(czs1nhk; + dzcoshkc) +Ep5e +Eg ]$ (115)
where

b*2

2 2 2 !

E13 1 Ell (1 2J )FA4 - 5 A1
2
b*z

2 2 2 Y1,

514 = I ElZ + (I 2J )FAS —C-T Bl
2

3N




*

m
f

=~ FE,, + A

15 11 7 "4
_ *
Eig = FEip *+ Ag
b*2
L 20 L (12 2 2N,
2
o
2ea® (12 _ .2 oo
Eig = I°FAg - (1% - 20%)E,, —z B,
2

Applying the boundary conditions and the continuity conditions at the

* * *

*
surface layer/substrate interface, the six constants A2, Bz, 355 b2,

* *
<, and d2 can be solved by six algebraic equations

* 2 * -
2a2 + (1 +k )c2 = E19

~1 2, * *
J 1 +k )b2 + 2kd2 = E

20
~1 * ~1  * * * -1,* -fsD * ~gsD _
J sja2 + j cjb2 + kskc2 + kckd2 + f A2e + nge = E21

-fsD _ B*e-gsD = E

: * + b* + * + d* A*
Cifa TSPt Lt s e 2 22

k™2 2

-fsD
* * 2 * 2 *  2a *
2cja2 + Zsjb2 + (1 + k )ckc2 + (1 +k )skdz -—-;32 A2

5 _ {1+ g% By = E
502

2 23

1 cr + 2k,

=1 2 * =
’ Jd (L +Kk )Sjaz +J k=2 k2

2 *
1+Kk )cjb2 + 2ks

Z)e-st * 2 e-gsD *

{1 +g -
+ for Ay + Lee 8, = £y,

8J

where E,q = - (E15 + E16)




or

8

2¢C .

]

hene

-
E1g

E20

Ear

Ez2

Eos

E

o~GsD Elle-FsD -
*omGSD L pre FSD
e-GsD _ Else-FsD -E
E8e-GsD - E17e-FsD _
0 (1+k2)
ilas® o
j-lcj ks
Sj Ck
25, (1+k%)c,

~1 2 ~1 2
j T(1+k )sj J T(1+k )c‘j 2ksk

*
A.e

erD

FsD

FsD

2k

ke

(1+k%)s,

2kck

0 0

0 0
f-le-st ge-gsD
_e-st _e-gsD

83 50°
(14g2)eFSD  pge795D

fod 532




where A* = A,

For s < 0 we can obtain similar solutions.

T . * * * * * * . .
he expressions of Al, Az, A3, A4, As, and A6 are given in

Appendix II.
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CHAPTER III
NUMERICAL SOLUTION

Previous sections have shown the general expressions of the
stress and temperature fields in the transformed space. By applying
the inverse Fourier transform and following through the simplifica-
tion of the integrand, we can obtain results for several cases numeri-
cally. Here, a discussion of how the thickness of the surface layer
affects the thermostress and what material parameters govern condi-
tions leading to crack formation will also be addressed. (Figures
2-13).

3.1 Mechanical Stress Field

(1)
L. Re {(2n )7/ (1) e~ 158 ¢

u -
= Red 2 f— s T>£ [sM257L + 24235 (a;sinhjns + b;' coshjns)
n (o]
0

coshkns)le 156 ds

+

2., *x *
28J k(cls1nhkns + d1

~isg _ pe-(f+g)sD {1“f

* - - * .
(a1 sinhjns + blcoshans) e n — (B + 82c Cp

+ B3cjsk + B4sJ.sk + Bscksj) -3? (B c s + B7cjck + Backs‘j

l.l
+ Bgs sk)] sinhjns + [: -37 j + cszsk

1
+ €3¢55¢ + €4C4% ) - ;32 ( +c 6555 + c7chk + cge 3%




+ cgskcj) coshans} (cosst = isinsg)

* L. * . -isg
{Re (al sinhjns + blcosths)e }

5= (F+g)sD ‘ b
= —-—_Z_-__'( -—7 sinsg (B + B,C ck + B3c s, * B4s Sy

+ B.c.s ) -

coss

8d

6stk + B7°jck + Bscksj

. e oo L
+ Bgsjsk)}s1nhans + [- . > sinsg (clsjck + €28 35k

_ coss
+ c3cjsk + c4cjck) . (c5 + Cg S5k + °7Sjck + cscjck ‘
. 5e-(f+g)so ‘
+ cgskcj)] cosths} n l——? sinsg [(B1 + 82c i

+ Bjc.s, + Bys;s + B

355 2555 5cksj)smh,]ns - (clsjck + C,5:5

2737k

+ €3¢ 55k + c4cjck)coshjns] - Loss [(Bﬁcjsk + B7cjck + 88c s
8J

k>J
+ Bgs.s )sinhjns + (c5 + cssjsk + c7sjck + °8°jck
!
+ ¢ kc )cosths]‘
p -(f+g)sD
= ————E——--I——Z s1nsg[B sinhjns + Bzck(c .sinhjns - chosths)

+ B3sk(cjsinhjns - s.coshjns) + B4sk(sjsinhjns - cjcoshjns)

J

L . _ COSS s
+ Bsck(sjs1nhans cjcosths)] -;325 [BGsk(cjs1thns

- sjcoshjns) + B7ck(cjs1nhans - sjcoshjns) + Bsck(sjsinhjns

L ]

' . + . s o \ - .
chosths) Bgsk(stithns cjcoshgns) cscosthsJ:
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sinsg [Blsinhjns - (Byc, * B3sk)sinh(D - n)js
A

Laa

- (B4s + B ¢\ Ycosh(D - n)js) + —2555 [(BBSk + 8B ck)

|

sinh(D - n)js + (Back + Bgsk) cosh(D - n)is - cscoshjnst

. = =(f+g)sD
* * -
(c,sinhkns + d,coshkns) e isg _Pe 7 (d $,C:
1l 1 A GJ 17k~
+ dzcjck + d3sjck + d s k) + ;;f (dssjsk + d65jck

1l-l

(P.s.c, + P,s.s, +P_s, ¢

+ d7cjck + dgskcj + dg)} sinhkns +{ 5 (PS¢ 255k 355

8J

+ P4°jck) - (PS Jck + Pﬁskc + P7sJ K + PSS ck + P )

GJ

coshkns} (cossg ~ isinsg)
e {(cIsinhkns + dI coshkns) e-155}

= =(f+g)sD
Pe ‘ COSSE
2 1 saz [(diskcj + dzcjck + dasjck + d4sjsk)

sinhkns - (Pscjck + Psskcj + P7sJ.sk + Pssjck + Pg)coshkns]
+ ——7 sinsg [(dss Sy * dgs £k + d.,chk + dgs K3 + dg)sinhkns
+ (Plsjck + P S35 + P3skc + P4cj k)coshkns]
5 e-(f+g)so

-cosgg [(d 165 * d,s, )cosh(D-n)kS

a 8d

. ug .
+ (d ¢ +d sj)S1nh(D - nlks + choshkns] ;37 s1nsg[(dssj
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+ dscj) cosh(D - n)ks + (d65j + d7cj)sinh(D - n)ks

- : |
dgs1nhkns]‘
u = -(f+g)sD
Therefore "(é) = —2—_-‘;2—17_- f __e_r_ s Csm?i™t + 20%5)
g v2n O &
%ufsinsg [ - B, sinhjns + (B,c, + Bys,)sinh(D = n)js + (B,s,

+ Bsck)cosh(D - n)js] - cossg[(Bssk + B7ck)sinh(D - n)is

+ (B + B Sy Jcosh(D - n)js - cscoshans]} + 25J2 {cosss

8k
[(d c * d s Ycosh(D = nlks + (d c + d s )sinh(D ~ n)ks

+ choshkns] + pesinsg [(dssj + dacj)cosh(D - n)ks

+ (dss + d7c .)sinh(D = nlks = dgsinhkns] :] ds.

Similarly,

.2 Y2 [ B e .
= —— — 2~l ufcossg[Blcosths + (Bzc:k + B3sk)

cosh(D - n)js + (B4sk + Bsck)sinh(n - n)js] + sinsg[(Bssk + B7ck)

cosh(D - n)js + (88ck + Bgsk)sinh(D - nljs + cssinhjns]:

LN I i _
+ (1 + k%) { s1nss[(d1cj + d4sj)s1nh(D niks
+ (dzc +d sj)cosh(D ~ n)ks - Pgsinhkns] + ugCossE
[(dss + d8c )sinh(D = n)ks + (dssj + d7cj)cosh(D - n)ks

+d

9coshkns]‘st
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w, £ 5 o~(f+g)sD -
o) = _Z_FEf P—e—A—- s[j 1(1+k2)‘fufsinss [B,sinhjns
"M /Zn oy (

= (Bycy + Bys, )sinh(D - n)js = (B,s, + Bgc, )cosh(D - n)js]
+ cossg[(B t B7ck)s1nh(D - n)js + (B8 « * Bosy )
cosh(D - n)js - cscosths]; + Zk% - cossg [(d €5 * d4 )
cosh(D - n)ks + (dzcj + d3sj) sinh(D - n)ks - Pgcoshkns]
- ug sinsg [(dssj + d8cj)cosh(0 - n)ks + (d 5;* d7c ) sinh(D - n)ks
+ dgsinhkns] I]ds

S {s 12 + 262)e(asD + fe)

Le L f
w "7mP W) 5l

[ufsinsg(Hlsj + Hycy * Hyc, + Hysp ) + cossg(Hscj + Hgs

(-3 ]

J

- ~( fsD+gz) .
+ Hos) + Hack)] 29 e [ufs1nsg(Llsj + L2°j + Lacp
+ L4sk) + cossg(Lsc + Lssj +Lys, ¥ Lsck)] ‘ ds
(2), 2 Y2 1 B f,-lgsD + fg)
%n =P o f A l Lugcossg (Hlsj *+ Hyey
+ Hac, + H4sk) - SINSE(H <5 + H6sJ + H,s, +H ck)]
- 2, _-(fsD+gz)
(1 +g°) e [ufcossg(L s. + ch + L3ck + L4sk)
- sinsg (Lscj + Lss *+ Lys, + Loy )]‘ ds
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s §f-1(l + g2) ol9sD*fe)
0

—
Q
3 —~
3N
\
-

n
2

1S
o ir
o
c,lh‘
N
| ol

[ufSiNSE(Hlsj + Hzcj + Hacp + H4sk) + cossa(Hscj + Hssj + Hysy
= o =(fsD + gg)
+ Hgcp )1 - 2ge [ufSIHSE(L s: * L, ¢y * Lyc, * Lys,)

+ cossg (L 5C5 * LGSJ * s, + Lge, )1 ¢ ds

The above integrals are too complicated to integrate directly;
therefore a numerical integration technique will be employed. There
are many numerical schemes for integration. Here subroutine QUANCS
will be used which is based on the 8~panel Newton-Cotes rule [8]. In
the integrals, s = 0 is a singular point, The method used to avoid
the singularity is discussed in Appendix III.

3.2 Temperature Field

~Fns (n=2D)Fs

1T 6* (F + gG)e + (F - gGle
¢ i = p
s Fz(l -e ZFSD) + aFG(L + e 2FsD)

Let F = (1 - iR/s)}/2 v (cose, + ising,)

1/2

G = (1~ iR2/s) Yz(cose2 + ising,)

where
1/4

= (1+R, 2,8 1/2 tan" (R /s)

%

vp = (L+ RESAVA o = 12 an (=R, /s)

! 2

F -2FsD

-2FsD

(L -e ) + gFG(1 + e ) = T1 + 1'T2

where
-ZylsDcose1

=2 -
T1 Y,” )cos 261 [1 cos (Zylstinel) e

l




-ZYISDcose1 I
- s1nZels1n(Zylst1nel) e ‘ *+ BY;,) %cos(e1 + 92)

-ZylsDcosel ' < )
sm(e1 + 92)s1n (ZYISDsinel)

[1 + cos (Zylstinel) e

=2y, sDcoso
Ersoeost)

2 ‘ -ZylsDcose1
T2 = v l sin261 1 - cos (Zylstinel) e + coszel

sin(2y,sDsing, e -ZylsDcosell + ‘
Yl 1 ‘ BYlYZ'
-ZylsDcosel)

-ZylsDcosell - cos(el + ez) sin(2ylstinel) e ,

sin(e1 + ez) f1+ cos(zylstinel)

e

-Fns _ .
(F + gG)e = T3 + 1T4
where

-ylsncosel . .
Ty=e [cos(ylsnsinel)(ylcose1 + ayzcosez) + s1n(ylsns1n91)

(ylsinel + Byzsinez)]

~Y)Sncoss, : . : . .
T4 = e [cos(ylsnsmel)(ylsme1 + eyzs1nez) - s1n(ylsn51nel)

(v cose, + syzcosez)]

(F - 86 ) elMEOIFS oy yr,
where
M—ZD)schose1 )
Tg = e cos[(n - ZD)sYlsmel](ylcose1 - syzcosez)
- sinl(n - 20)5y1sin31](ylsine1 - eyzsinez)£
(n‘ZD)SYICOSGIs ) . .
Tg = e ‘ cos[(n - 20)5ylsmel](yls1n91 - By,sine,)
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+ sinl(n - ZD)sYlsinell(ylcose1 - syzcosez):

s (T, + 4T,) + (Te + 0] =*
(1) _ T [T3* 1T, 5 % iTg) G :
L [ T, =5 Ty + iTg)
where
) Tl(T3 FT) o+ T(T, 4 TE)
= T2, 72
1 * T2
CT(T T - Ty(Ty )
Tg = T2, 12
1 T

A
—
L
]
=)
)
“———
—
=3
] \
-
—
—
-
o
1
-—de
w
™
a
w
—
e

= Re {_Z_I iy (T, + iTg) e TSE gs
{T‘n 0
.2 [y (T T.si
= 75% Q 7€OSSE + Tgsinsg) ds.
0
Similarly, {
(2) 2 =k .
é _./2:/ Q (Tllcossg + lesmsg) ds
T
where
T1T9 * TaT1o
i
1 2 i
1 .o " Ty
12 2 2
T1 + T2
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[-ylsDcosel+(D-n)sYzcosezlf
Ty = 2v,e icosel cos [-ylsosine1

+ (D - n)sstineZJ - sinelsin [-rlstine1 + (D - n)sstineZJ;

[-ylsocosel+(0-n)sYzcosezl‘

T lcoselsin [-ylstine1

10 =2 ¢
+ (D - n)sstinezl + sine, cos [-ylstinse1 + (D - n)sstinezJ

3.3 Thermal Stress Field

-
(1) _ 2 X2 Q
GEE = Po 6’/(; A F1 ds

where

_ _ 2=l 2. ‘_y_ s
Fpo== (M55 + 20%)) [cossgl E,g [-A;sinhins + (Azc, + Ags,)

sinh(D - n)js + (A7sk + Agck)cosh(D - n)js] - (1 + kz)

Y Y : - )i Y Y - o)
[(B6sk + Byc,) sinh(D - n)js + (Bgc, + Bgsk)cosh(D n) js
(Blo et 11 + Blsz + Bl3° .) sinhjns + (BIZCJ + BY sj)
: Y+ oY Y 5 i f. g
coshjns] + 2(c1 + coc * c3sk)cosths + sinsg l E19

(- A sinhjns + (A3ck + Agsy )sinh(D = n)js + (Ays, + Agck)
cosh(D - n)js] - (1 + k )[(865k + B )s1nh(D n)js + (B;ck + B;sk)

C vie o qad i i iy
cosh{D = n)js (Bmsk + Bnck + Blzsj + Bl3cj) sinhjns

T B IR TR )
+ (Blzcj + 813) coshjns] + 2(c1 tcc * c3sk) cosths‘]




2 S Y Y : Y Y -
+ 20% [C°$SE'2[(310$k + Bllck)s1nhksn + (d3cj + d65j) cosh(D - n)ks

Y -
+ (d ¢; + dssJ)SInh (D - n)ks + (Blsz + 813 J) sinhkns + (B10 "
+ B k)coshkns] + El9 [(Ass + A6c .Jcosh (D = n)ks + (A10 it A4c .)

: - - : 2\ (pY Y Y )
sinh(D = n)ks A251nhksn] + (1L +k )(P7cj + Pssj + Pg) coshkns‘

+ sinsg%Z[(B}osk + Bilck) sinhkns + (d;cj + dgsj) cosh(D - n)ks

i i . )
+ (d4 ¢ + dssj) sinh(D - n)ks + (81253 + 813 J)s1nhkns + (B10 "

+ B k) coshkns] + E19 [(A 55 + A cj)cosh(D - n)ks + (Alosj + A4cj)
. _ . 2 i

sinh (D - n)ks Azsinhkns] + (1 + k )(P ¢ + P8 i + Pg)coshkns ]

+ T13cossa - T14sinsg

where the superscript y designates the real part of that constant, i

, s f Y ¢ qp ]
the imaginary part. For example, EZO £20 + 1E20 .

~Y15nC0s8 e

= Y )
Ti3 3 Cos (rlsnsinel) +Ep5 sin (ylsnsinel)]
YlSnCOSGI i .
+ [E14 cos (y snsing;) - E;, sin (vlsns1nel)]
Tia=e (€, cos (y snsing;) - E 3 sin (YISnSInel)]
+ [E14 cos (ylsnsinel) + £, sin (ylsnsinel)]

u -k
S . zrz,sdzf _g__F ds
0

Eﬂ ® O 2
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where

= i Y - j
F2 2[s1nsz{ Elg[(A3ck + A Sy Jcosh(D = n)js + (A7sk + Agck)

sinh(D = n)js + A coshjns] + (1 + k 2)[8 Ysk + B, ck)

1
- )i Y Yo Vei - )i Y Y
cosh(D - n)js + (BBCk + Bgsk)s1nh(D n)js + (Blosk + B¢

Y - Y Y
+ Blsz + Bl3c .)coshjns (Blzc + Bl3sJ)s1thns] + 2(c + c2 K

+

cgsk)sinhjns} - cossg{Elg[(A3ck + Assk)cosh(D - n)js

+

(A7sk + A 9¢ )s1nh(D n)js + Alcoshjns] + (1 + kz)[B; s

+

)cosh(D - n)js + (88 t B9 k)smh(D - n)js + (B10 K

i i i . i L
+ Bll c * B12 S5 + 813 cj)cosths (8 12 cJ + 813 sj)s1nh3ns]

2(ci + ci c, + ci s, )sinhjnsl| + (1 + kz) [sinsg
1 "2 "k 3 7k

-+

{2[(d§ c;+ dg sj)sinh(D - n)ks + (dz c; dg sj)cosh(D - n)ks

- Y Y Y
(B10 S * 811 ¢, * Bys 55 + 813 ¢.)coshkns + (B10 t 11 sk)

: Y : -
sinhkns] + El9 [(Assj + Ascj)s1nh(0 niks + (Alosj + A4cj)

coshkns] + (1 + kz)(PY c. +PY s. +pPY

cosh(D - n)ks + A2 7 S 8 S 9

)

sinhkns}- cossg{2[(d; . d6 s.)sinh(D - n)ks + (d cj+ d; s.)

i i i i
cosh(D = n)ks (810 St 811 ¢ * 812 sj + 813 cj)coshkns
i -
+ (B10 Cp * 11 sk)sinhkns] + E 9 [(Aas + Agc )s1nh(D n)ks
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+

(AmsJ + AgC )cosh(D - n)ks + A_coshkns] + (1 + K2 )(P

2 75

i i ’ . -
+ Pg 55+ Py )s1nhkns}] + T gsinsg - T,ccossg
Tig=e [E,5 cos(y,snsine,) + E ¢ sin(ylsns1nel)]
JT15NC0%8) i .
+ [E16 cos(ylsns1ne ) - 16 51n(ylsns1nel)]
YlSncosel Y )
Ti6 = [E15 cos(ylsns1nel) Eys s1n(rlsns1nel)]
Y1 SnCos8) . Y . :
+ e [E16 cos(ylsn51nel) + E16 s1n(ylsns1nel)]
D ok
w2k, T
onn = -ro' 5{ A F3 ds
where
2 2
F3 = ﬂ_ilii_ﬁ_l [cosse { Y[- A sinhjns + (A ¢ * Assk)

sinh(D - n)js + (A7sk + A i )cosh(D - n)js] - (1 + k )
[(BG t BY )sinn(0 = n)js + (Bg c, * B; sg) cosh(D - n)js

+8Y¢c +#8J)

- Y
(B 10 Sk 11 Sk 12 s + 813 c.)sinhjns + (B12 c.+ 8.t 13 sj)

- Y Y Y ; i g 1
coshjns] + 2(c1 *ce cs sk)cosths} + sinseg { E19

cosh(D - n)js] - (1 + kz)[(Bg S * B; ck)sinh(D - n)js

i, i o Vie - (a i i
+ (88 ¢ * B9 sk)cosh(D n)js - (B Big S * B1 12 f + B ) :
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i i
sinhjns + (B12 cJ + 813 s.) coshjns] + 2(c *Cyc tcy sk)

coshjns}] + ZkJ2 [cossg{ 2[(B10 t BII ck)sinhkns

Y Y - Y Y ; - -
+ (d3 cj + d6 sj)cosh(D nlks + (d4cj + dssj)51nh(D n)ks (B10 K

y
11 k)coshkns + (B j 13 c )sinhkns] - Elg[(Agsj + Ascj)

cosh(D ~ nlks + (Amsj + A4cj)s1nh(D - nlks - Azs1nhkns]

+ (1 + kz) (P; c.+ Pl s, + Pg )coshkns} + sinsz{ 2[(8

J 87 10 Sk

+ B11 k)sinhkns + (d c; ¥ d6 55 Jeosh(D - n)ks + (d c; ¥ d5 sj)

sinh(D - n)ks - B sk)coshkns + (Bl S + 813 €5 )

‘10 k+l

. i
sinhkns] Elg [(Aasj + Aﬁcj)cosh(D nlks + (Amsj + A4cj)

]
sinh{D - n)ks - A251nhkns] + (1 +k )(P cJ + P8 + P9 )

coshkns}] + T17coss; - Tlasinsg

~y,Sncose, v ' . ‘

Tig=e [E17 cos(ylsnsiael) +Ey s1n(ylsns1nel)]
Ylsncosel Y i . .

+e [E18 cos(ylsnsinel) - Eg s1n(ylsns1nel)]
-y;Sncos8; - .

Tig ® [E17 cos(y,snsing;) - £,] s1n(ylsn51nel)]
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where

T19

where

T

21

T

22

o2
nn

= e

YISnCOSGI . y . .
e [E;q cos(y,snsing, ) + Ejg sinly snsine;)]

/ 2 {f'l(M2 + 2f2)[(A;)Ycossz * (A;)isi"SE]e-fns
0

+ Zg[(A;)Ycosss + (A;)i sinszg] e 9MS 4+ (T19 COSSE + Tzosinss)}ds

‘stncosez Y A i . .
[E6 cos(yzsn51nez) *+ Eg s1n(yzsns1nez)]

: - £Y
[E6 cos(yzsns1nez) £

) sin(yzsnsinez)l

-5 *Y- - * i -fns
J/. 3 {2[(A5) sinsg - (ag) cossgle
0

+ (1 + gz)[(A;)Y sinsg - (A;)icosss] e 9INS 4 (T, sinsg

-T22 cosss)} ds

-yzsncosaz

Y . i 3 .
e [E7 cos (yzsns1n92) *E s1n(y25n51n92)]

'YZSnCOSGZ i

e (e, cos(yzsnsinez) - E; sin(y,snsine,)]

2k
7z P

a 2 .
/ ;_s{&;_g_) [(A;)YCOSSE + (A;)l sinsg] e 1S
0

+ ZgE(A;)Ycossg + (A;)i sinsg] e INS 4 (T,cossE + T24sinsa)}ds
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~Y,SNCOSO
Too=e 2 2 e

Y i .
23 8 cos(yzsncosez) + £y s1n(yzsnsinez)]

TYgSncose, | 4 . y ;
24 = © [E8 cos(yzsn51n92) -~ Eg sin(yzsnsinez)]
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CHAPTER 1V

CONCLUSION

In the rapid traversing friction source model, the thermal effect
dominates the stress field that eventuaﬂy leads to failure. Numerical
results are presented in the text corresponding to five different cases
of material properties and geometry to study the layer thickness effect,
the stiffness ratio effect, the thermal diffusivity ratio effect, and the
effect of pressure distribution. Only the stresses at § > 0 are
discussed, since the maximum stress occurs at 0 < £ < 1 in all the
cases. Case 1 (Figures 2-4) illustrates the effect of a soft layer for
which the material of the surface layer is represented by zirconium; the
material of the substrate is stellite 11l which is harder than zirconium;
the dimensionless layer thickness D is two; and the pressure distribution
is uniform. Figure 4 shows that the maximum thermal stress for case 1 is
1.1 Py . Case 2 (Figures 5-6) illustrates the thickness effect, for which
the materials of the surface layer and the substrate are the same as in
case 1, but D is different. Figure 6 shows that the maximum thermal
stresses are 1.25p, , 1.6 p, , and 1.05p, for D= 0.01, 0.1, and 2.0,
respectively. The phenomenon indicates that the stress is maximum when
the layer thickness is in the neighborhood of 7= 0.1, the depth of
maximum thermal gradient. Case 3 (Figures 7-8) illustrates the effect of
thermal diffusivity ratio, in which the material properties are the same

. as those in case 1 except that the thermal diffusivity of the layer
material is one-half that of zirconium, with D=2. In this case, both the
temperature and the thermal stress decrease in comparison to those of

case 1. In case 4 (Figures 9-10) the effect of a hard coating is
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illustrated, in which the material properties are the same as those in
case 1 except that the Young's modulus of the layer material is five times
that of zirconium, with D= 2. It is shown in Figure 10 that the thermal
stress is much larger than that in case 1. In case 5 the effect of
pressure profile is studied. In this cése (Figures 11-13) the pressure
distribution is parabolic and the total pressure is the same as the
uniform pressure case and the material properties are the same as in
case 1. The thermal stress due to this type of excitation is larger than

that with uniformly distributed pressure.

Base on the cases studied, it may thus be concluded that a stiff surface
layer, which is less compliant, would result in higher thermal stress.
Surface layer materials with low thermal diffusivity are generally a resuit
of high thermal capacity which in turn, results in less temperature rise,
thus lower thermal stress. Finally, the effect of surface layer thickness
depends on the thermal layer which is defined by the depth of maximum
temperature gradient. Therefore, substantial reduction in thermal stress
can be achieved by decreasing the thermal diffusivity, by decreasing the
modulus of elasticity of the surface layer, or by designing the layer
thickness such that the interface is away from the depth of maximum

temperature gradient, which in the present numerical problem is 7 =0.1.
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APPENDIX I

THE EXPRESSIONS OF A, 815 bps B3> 8g> 85> AND g

2 0 (1+k?) 0 0 0
0 itasd) o 2k 0 0
|1 -1 -1 _-fsD ~gsD
8 =138y ey ks, ke, fle ge
_,~fsD _,~gsD
—2a-fsD 2, _-gsD
2c. 2s . (1+k%)¢ (1+k2)s 2e _ (1+g%)e
J J k K GJZ 6J2
- - 2, ~-fsD -gsD
i tas®ys, tasdre, s oke,  Altg e 2g e
! J k k fSJZ 5JT

= 2 2 2
= 2A + (1 +k )Az + [2A3 + (1 +k )A4] €% + [2A5 + (1 +k )A6]cjsk

+ (oA, + (1 + kZ)A8]sjsk + [2Ag + (1 + kz)Alolcksj
K(1+k5) [ 4 2 2 2,2 2
A = i L+(1+S_)_iq_2__(1+g)_29(l+k)
1 2.4 £58° & 2.2 502
(83°) f(6d°)
2 2 2
_2(1 + k%) 2 (L + k™)(1 +g%)
——7——+Zg(1+k)+ 5 J
fod
2
A 3_25[ d LU kz)(% + g% _ 2001 : k¥ (1 +9;) 4
2
201 + k%) 2, ., 201 + ¢4
- + 2g(1 + k™) + J
f 2
f8d
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2 2 2.2 2
A=25--4g _2(1+k)(1+J)+(l+g)+4g(1+k)
33 2,2 I 2,° 542 ‘*
(59%) £(83°)
2 |
2 2
(1 + k%) _ 2
sk 8(l+k)]
k(1+ K[ 4 4(1 + q%) 8 (1 + 2)2 4
SETRYY PRI B IES I \
4 J [ 2.8 fad 54 2 ki :
(6J7) f(8J°) y
s - 2 201+ g%) -~ 4 - (1 +Kk9)(1 +g2) + 21 + k%) h
5 jed ] 9

2
As.-ﬂil_;':_)[-(“kz)(ugz)+z(1+k2)+2(1+92)-4]

jfsd
2[ 4g 4(1 + g°) _ 8 (1 + 2)2 4
A7=2k[ 27+ £50° -ffz '—‘3—2"?"49} |
(83) £( 63°)
2 i
e rk[ag  _20+duegh, 1+gd) , agr + kA j
8 72 7 , ) ) j

(50°) féd £(53%) 8J

2 '
2 2
+.(ilf&-g(l+k2)]

A9=%%c-u+k%u+g%+zu+k%+zu+g%-4]

2
Ap = - -'J‘J;l?zil [201 + ¢7) = 4 = (1 + KE)(1 + g%) + 201 + k4]

64




B e e daa s

iucP
—;— 0 (1+k%) 0 0 0
6d
’ -
P =1, .,2
- 3T (1+k4) 0 2k 0 0
52
;-1 -1 _-fsD ~gsD
A = 0 J ey ks kck f e ge
_ ,=fsD _ o-gsh
0 % °x Sk e e
-fsD 2,.~gsD
0 25 (1hk2)e, (1#D)s, - Lo - (L+g")e
! 5 5
- 2, ~fsD -gsD
o ituwdic, 2s, 2ke, (1+g ’g 2ge 5
J fod 5
=-(f+g)sD iuf-ls(B + B,c.c, + B.,c.s, + B,s.s, + B.C,S.)
¢ S8 L 2k T 3Tk 4Tk 577§
P
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APPENDIX II

* * * * * A *
THE EXPRESSIONS OF Bys Bys A3, Bys A5' ND Ag
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2
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where
B =4
By = A3
By = Ag
By = Ay
Bs = Ag
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APPENDIX II1
THE METHOD USED TO AVOID THE SINGULARITY IN THE INTEGRAL
In this appendix, the method used to avoid the numerical singu-
larity of the integrals encountered in the analysis is discussed by

means of the example 'im:egralf4 —:1-_ dx. This integral has a numerical
0 ¥x
singularity at x = 0, and therefore cannot be integrated numerically
from zero to four. One approach to avoid the singularity is to
replace the lower limit of the integral by ¢ which is an arbitrary
small number greater than zero. Integration is carried out with
decreasing values of ¢ until a value of the integral is obtained which
is considerably different from the previous integral value correspond-
ing to the previous value of ¢. The last value of the integral thus

obtained is taken to be the best approximation to the actual value of

the integral. For the example

4
A=f L
0 Vx

the exact solution is 4, The results of the numerical computation of

A for various values of ¢ are tabulated below.
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10 3.99994
10740 3.99998 ;
1072 4.00000
10712 4,00005
107 4.00018 .
107%  4.00063 |
1071 4.00204 )
1076 400647
107 4.02051
10758 4.06490
1071 420526

10 "0 4.64914

The table indicates that the numerical integration diverges for values i

of ¢ smaller than 10718, ¢ = 10-18 therefore gives the best i

numerical solution to the problem.
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